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m4p interior estimates for 

variational hypoelliptic operator 

with vmox coefficients 

A.O.CARUSO 

Abstract. We consider a divergence form hypoelliptic operator consisting of a 
system of real smooth vector fields Xi , . . . , Xq satisfying Hormander condition 
in some domain Q C M". Interior L^ estimates, 2 < p < oo, can be obtained 
for weak solutions of the equation Xj' {a^^ Xiu) = Xj F^ , by assuming that 
the coefficients a'^ belong locally to the space VMOx with respect to the 
Carnot-Caratheodory metric induced by the vector fields. 



Contents 

Introduction and main result 

Preliminaries 
Carnot groups and Carnot-Caratheodory metric spaces 
Hormander vector fields: theorem of Rothschild e Stein 
Introduction of a quasi-metric equivalent to C-C metric 
Differential operators, fundamental solutions and parametrices 
Sobolev spaces associated to a family of Lipschitz vector fields 
Space of homogeneous type: the space BMOx and VMOx 

Regularity Result 



1. 

2. 

2.1, 

2.2, 

2.3, 

2.4, 

2.5, 

2.6, 

3. 

References 



1. Introduction and main result 

In the present paper we obtain interior L^ estimates for weak solutions of the 
equation Xj [a^^ Xiu) ~ XJF^ , where Xi, . . . ,Xq is a family of real vector fields 
satisfying Hormander's condition in some domain 51 C M", and the coefficients 
a*-' belong locally to the space VMOx, with respect to the Carnot-Caratheodory 
metric induced by the vector fields. Our result generalizes, to the setting of hypoel- 
liptic variational operators of Hormander type, the L^ regularity results previously 
obtained in jCFLli IDF] . Indeed, in jCFLli IDF] local estimates of this kind for 
weak solutions of elliptic equation, both in divergence and non divergence form, 
are obtained by assuming that the coefficients of the operators belong to the space 
VMO with respect to the Euclidean setting. More precisely our theorem is the 
following: 

Theorem 1. Let Xi, . . . , Xq Hormander vector fields of step r at each point of a 
given domain Q C R", q < n (we can assume n > 3); moreover let 2 < p < cx). Let 
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2 A.O.CARUSO 

US consider the following variational equality of divergence form: 

(1.1) Xfia^^X,u)=divxF 

where, as usual, divxF = Xj F^ and moreover, u S W^joc'jf (^) ^^ '^ weak solution 

(1.2) / a^^ {x)Xiu{x)Xj(p{x)dx ~ / F^ {x)Xj(j){x)dx for any test in 51. 
JQ Jn 

Let us suppose that 

i) {a*-'}i,j=i,...,g is a symmetric measurable matrix defined in 51 such that a*-' S 

Vm6x{B)^ L°^{B) for any open Euclidean ball B d 57; 
a) there exists i^ > such that -juip < a^^ {x)wiWj < i'\w\'^ for any w G K' 
and a.e. x £ 51; 

til) FeLl^{n,m). 

Then, for any 51' <e 51 there exists a constant c = c(51', 51, X\, . . . ,Xq, p, a*-', u) 
and there exists an open set 51", 51' <s= 51" <s= 51, such that 

(1-3) ll^lUi'^co') ^ cM|u||i,p(o") + !I-F||lp(0",k<!) j- 

Note that letter c denotes a generic constant that can be different also in the 
same line. 

VMO functions, studied by Sarason in |Saj . do appear first in JCFLII [CFL2| . 
in order to obtain L^ estimates for the solutions of uniformly elliptic equations in 
non divergence form, and later in |DF) . in non divergence form. In both two cases 
techniques rely on suitable representation formulas, on singular integrals depending 
on a parameter, and on their commutators with BMO fuctions. VMO condition 
is a type of discontinuity which implies some kind of average continuity: in such 
a sense, VMO hypothesis extends classical theory of Agmon-Douglis-Nirenberg in 
[ADNli rADN2| . Indeed uniformly continuous bounded functions, as well the ones 
in H^i'" and W^'T , 9 e]0, 1[, belong to VMO. 

The introduction of such a family of vector fields goes back to the paper of 
Hormander jHo| where the author shows that hypoellipticity of the solution of a 
differential equation related to a sum of squares of vector fields follows from a geo- 
metric condition on the vector fields and their commutators. Later, Rothschild 
e Stein in |RS| . deal with the problem of a natural setting in which such a sum 
of square operators can be cast. The algebraic structures that do appear in this 
new setting are nowadays known as Carnot groups; in particular, Euclidean spaces 
are a very particular cases. These are particular simply connected nilpotents Lie 
groups whose finite dimensional Lie algebra admits a graduated stratification in 
vector subspaces. It follows that this algebraic structure is naturally equipped with 
a family of automorphisms which generalize the standard product with scalars in 
K". Finally, a well known theorem of Rothschild e Stein shows how it is possible 
to approximate a class of differential operators consisting of a system of Horman- 
der vector fields, through invariant differential operators defined in suitable Carnot 
groups. From the metric viewpoint, we can naturally settle these spaces in a gen- 
eral class of metric spaces nowadays known as Carnot-Caratheodory Metric Spaces, 
where metric is introduced through suitable finite families of Lipschitz vector fields. 
Such metric spaces has been intensively studied in the last thirty years in several 
setting of pure and applied mathematics such as degenerate elliptic differential 
equations, hypoelliptic differential operators, sub-Riemannian manifolds, control 
theory, mathematical models of huinan vision, robotics, geometric measure the- 
ory. In particular, when the vector fields inducing the metric satisfy Hormander 
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condition, the associate metric dx enjoys many good properties: for instance, the 
induced topology is actually the Euclidean one; all necessary properties for our 
purpose can be found in [CarFanj . It should be clear that, in this paper, such a 
metric will play a role becouse the coefficients a*^ of the operator belong to the 
space VMOx defined through the Carnot-Caratheodory metric induced by the 
vector fields associated to the hypocUiptic variational operator. 

Coming back to hypocUiptic operators consisting of a family of Hormander vec- 
tor fields, VMOx functions do appear in the papers of Bramanti and Brandolini 
[Brm-BrnTl IBrm-Brn2] . Indeed, the coefficients a*^ are assumed to belong to the 
VMOx space with respect to the metric induced from the vector fields: clearly 
in general the space VAIOx is diflferent from the "Euclidean" FMO, so particular 
metric proofs must be adapted in this new setting. Moreover, the proofs of the 
results in the Euclidean setting (see |CFL1[ IDFj ) need several notions: the exis- 
tence of a translation invariant fundamental solutions smooth away from the origin, 
convolution operators, representation formulas, parametrized singular integrals and 
Ricsz potential, commutators with BMO functions, analysis on spaces of homoge- 
neous type, properties of VMO functions. In the new setting, and in particular 
in our case, these notions and proofs can be adapted by employing the technics 
introduced by Rothschild e Stein, see |Brm-Brn2] ') so that, all in all, the properties 
of the solution of the given equation can be recovered from the properties of the 
solution of a new equation associated to a new operator defined locally on a suitable 
Carnot group, pulling back local estimates in this last setting to a local estimate 
for the solution of the given operator. In particular, arguing as in [Brm-Brn2j . the 
use of a parametrix implies that coefficients a*-' be smooth, that is every function in 
VMOx should be approximated by a sequence of smooth functions: this is actually 
possible: in [CarFanj . in the setting of a general space of homogeneous type, the 
space VMO is defined both through balls and "cubes", and the density property 
with smooth functions with respect to the BMO norm is proved, in the particular 
case of a Carnot-Caratheodory spaces whose metric is associated to a finite family 
of Hormander vector fields. 

The regularity result and significative properties of the space VMOx are con- 
tained in the doctoral thesis discussed on December 2002. The regularity result has 
been announced at the XVII Congresso U.M.I, hold in Milan (Italy) on Septem- 
ber 8-13, 2003, at the conference "Aspetti Teorici ed Applicativi di Equazioni alle 
derivate parziali " hold in Maiori (Italy) on April 21-24, 2004, and at a talk given 
in Bologna (Italy) in summer 2004. The density results employed in this paper has 
been published later in 2007, see [CarFan] . and so mentioned in the following. 



2. Preliminaries 

2.1. Carnot groups and Carnot Caratheodory metric spaces. We refer to 
Section 3 of |CarFan] for basic definition on Carnot groups and Carnot-Caratheodory 
metric spaces, associated in particular to a family of Hormander vector fields; in 
the same section can be found the statement of the Ball-Box theorem, useful for 
our purpose. 

2.2. Hormander vector fields: theorem of Rothschild e Stein. LetXi,...,Xq 
smooth real vector fields defined on a smooth manifold. For s G N, ii, i2, . . . , is-i, *s 
G {l,2,...,g} let / = (ii,i2,..., Js-i, is) and 

(2.1) Xj = Xi-^,[Xi^, . . .[Xi_._-^,XiJ\ . . 
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We say that / has length s and wc call commutator of length s any vector field 
such that X £ Span{X/} length /=s; commutators of length 1 are just the elements 
of the span of the vector fields Xi, . . . ,Xq. Suppose that for every x € M there 
exists s{x) e N such that Spaii{Xj(x)}i^j^g^^i^j^gt^\ — Tx{M); then we say that the 
vector fields Xi, . . . , Xq satisfy Hdrm,ander condition of step r G N if s{x) < r for 
any x € M. We finally recall that the vector fields Xi, . . . , Xq are free up to the 
step r at the point a; G il/ if the vectors Xi(x) i(,n„th/<r ^^^ linearly independent, 
except for Jacobi's and anticommutativity relations. 

Let now Qg^r = Vi © • • • ffi V^ be the nilpotent free Lie algebra of step r with 
cj = dimK(yi) generators, and let Gq^r be the corresponding free Carnot group 
(recall that, from a set-theoretical viewpoint, it is possible to assume that Qq^r 
is some M endowed with a suitable product of Lie group and with a suitable 
family of dilations {7s}s>o)- We can denote by {Yj^-j} i<j<r a base of Vj, where 

l<k'<nj 

j e {1, . . . , r} and k^ £ {1, . . . , rij} (n^ is a positive integer depending on Vj); for 
the sake of simplicity we shall denote hy Yi, ... ,Yq the generators of the first layer 
of 0q,r; we can denote by {yjki) the exponential coordinates of the first kind of 

y = expi{Y) in Gq,r, where Y = X]f=i X]fei=i Vjk^ Yj^ & Qq.r denotes an element 
of the algebra. Finally let {(5,5}s>o be the family of automorphims of g g_ r- 

Then, the vector fields Xi,. . . ,Xq arc free up to the step r at the point x G M 
if and only if Av[tts.{SpaM.{Xj{x)}^ ^.^^j^^) = dim(Gq_r), where the last number 
denotes the dimension of G ^^ ^ as a smooth manifold. 

Let us suppose now that the vector fields do satisfy Hormander condition of step 
r at xo € M; let n = dim(M), N = dim(G5, r), k = N ~ n,M ^ M yc M*^ and let 
TT : M — >■ M the canonical projection. 

Then we have the following "lifting theorem" of Rothschild-Stein. 

Theorem 2. Let Xi, . . . , Xq smooth vector fields defined on M satisfying Horman- 
der condition of step r at the point xq E M. Then there exist {Xji{x,t)} i<j<q 

n+l<T<N 

smooth functions of the new variables <„+i, . . . ,ijv, defined in a neighborhood of 
^0 = (a^OjO) E U = U X U' C M, where U is a neighborhood of xq in M and U' a 
neighborhood of in M.^ , such that the vector fields 

N 
l=n+l 

are free up to the step r at each point of U. D 

Remark 1. It is easy to verify that also the vector fields Xj satisfy Hormander 
condition of step r at each point ^ (z U and that it results 

Xj{f O Tt) = Xjf O TT 

for any / G C°°{U) and for any j = 1, . . . , q. 

Notation 1. For any / defined in some subset S* C Jl, wc shall denote by either 
/ o TT or / the function defined in 5 x R*^ that maps ^ = {x,t) G 5 x R'^ to f{x). 

Let A G M, A > 0. A measurable function / : Gg, ,■ — ;■ R is said to be homogeneous 
of degree A if / o 7, = s^ f for any s > 0; a differential operator D on G q^r is said 
to be homogeneous of degree A if D{f o 7^) = s^{Df) o 75, for any s > and for 
any / G C°°{Gq^r)- Then it immediately follows that if D and / are a differential 
operator and a function, respectively homogeneous of degrees Ai e A2, then Df e 
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fD are a function and an operator homogeneous respectively of degrees A2 — Ai 
and Ai — A2. 

Let us recall now the notion of local degree at the origin (see jRSj pag.272 
and [Brm-Brn2] pag.789). Let D be a differential operator. We say that D is 
homogeneous of local degree < A if all Taylor polynomials of the coefficients of the 
operator give rise, up to a rearrangements, to a sum of differential operators of 
degree at most A in Gg, r- 

Let us suppose now Xi , . . . , Xq be free vector fields up to the step r at a point ^0 
of a smooth manifold M. Then dimR(Span{X/(^o)}icngth/<r) = dim(Gg. ,.). Now, 
if all Xj were invariant on Gq,r, it would be possible to identify them with the 
elements of (the first layer of) gg, r and, consequently, recover the elements oiGq^r 
through the before mentioned exponential coordinates; this is not possible in general 
because the vector fields are not invariant in general; nevertheless, if we choose 
{Xjy} such that Span{X/(^o)}iGngth/<r = T^oi-^)^ ^^ "^^^ consider the mapping 
that, for any TV-tuple of real numbers y = {njk^ ) in a fixed closed ball B around 
sufficiently small, maps any ^ in a compact neighborhood U' of ^0 to the element 

r] = exp^(l), X = J2^j=iJ2kJ=iyjk^-^jki ■ indeed, under these conditions, we 
have the existence, unicity and C°° dependence from ^ ed y of the Cauchy problem 
4>'{t) — X{(t){t)) and (f)(0) — ^, for t in a sufficiently small neighborhood of 0, and for 
any fixed ^ e U', y e B. Then we have ^(t) = cxp [t{ YJ'j^^ EfcLi Vj^^jki)) C; 
in particular rj = 0(1) = exp (^I]j=i EI'Li V^kiX^yj ^ and 

y = 65(77) e 77 = e^^(y), for any ^, 77 g [/', y G B. 

The mapping O^ then behaves like a coordinate map; indeed through Q^ we can 
think of Xj as defined on G g_ ,. and consequently to approximate them with the left 
invariant vector fields Yj on G q^r (which, in their turn, can be chosen so that they 
agree with the j-th partial derivatives at the origin (see [RS| pag. 272; see also 
[SC| for the following formulation) ; we can also think of the y = {yjkj ) as a system 
of canonical coordinates, depending only on the vector fields {Xjy} i<j<r ■ 

l<k'<nj 

Then we have the following approximation theorem of Rothschild and Stein. 

Theorem 3. Let Xi, . . . , Xq real smooth vector fields defined on a smooth manifold 
M and let ^q G M. Let us suppose that the vector fields Xi, . . . ,Xq do satisfy the 
Hormander hypothesis of step r; moreover we assume that the vector fields are free 
of step r at the same point ^q. Let us choose the vector fields {Xjy} i<j<r as 

l<k'<nj 

before and let us denote by {yjki ) the associated system of canonical coordinates. 
Let Qq^r and Gq^r respectively the free Lie algebra with q generators of step r and 
the associated free Carnot group. 

Then it is possible to choose a base {Yji^j} i<j<r of Qq,r such that Yj{Q) = 

l<k'<7ij 

^-, j = 1, . . . ,q, a neighborhood U of in Gq_,., two open neighborhood W, V of 
^0 in M , W <£ y, such that the following facts hold: 

i) Q^ \ V is a diffeomorphism between V and Q^{V) for any ^ ^ V; 
ii) e^{V) D Uforany^eW; 
iii) the mapping Q : V x V -^ Gg,r defined by the position 6(^,7y) = 65(77) 

belongs to C°° {V x V) ; 
iv) for any fixed ^ (1 W the mapping r/ — > 65(77) = 6(^,7/) = {yjk^), rj G W, 

is a coordinate map for W and {Q^)^,Xi = Yi + R^ in U, dove R^ is a real 
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smooth vector fields of local degree < 0, with C'°° dependence on ^ G W; 
more precisely it means that for any ^ G W and for any f G C°°{G q^r) it 
results 

(2.2) X, o (/ o Gj) = (r, o /) o e^ + (i?« o /) o e^. 

In general, for any couple of indexes j e k^ and, 

where R'y is a real smooth vector field of local degree < J — 1 with C'°° dependence 
on^&W. D 

Recall that (6^)* is the mapping induced by Q^ on the fiber bundle and defined 
by the position ((8^)*X)/ ~ {X o [f o 8^)) o 07^, for any vector field and for any 
f&C^iV). 

2.3. Introduction of a quasi-metric equivalent to C— C metric. In what 
follows we set AI — il and AI ^ fl x M.'^ <Z M.^ , then our neighborhoods are C-C 
balls which arc open sets in any one of the topologies TEucUdean and tc-c- We shall 
denote by Q the homogeneous dimension as a doubling spaces in G q^r- It will be 
more useful to introduce a quasi-metric p in V, equivalent to dj^. Indeed, referring 
the reader to |SCj and [Brm-Brn2] . let us recall main definitions. 

Theorem 4. Let V and W neighborhood o/^o o.s ii^ Theorem ([3]). If we set 

P{£.,V) = I|0(?,?7)IIg„. foranyS,,ilCzV 

then the following properties hold 

i) 9(^,77) = 6(77,0"^ = -6(77,0; 
ii) p (C, Tj) < ci^p (<^, C) + P [Vi ) /o'' 0^2/ '7 G ^ such that p(^, 77) < 1 and 

p(C,C)<i; 

iii) there exist four positive smooth functions y 3 ^ — > C,{S,),uj{S,), V 3 rj ^ 
h{r]), U 3 y ^ j{y) and a positive constant c such that 1/c < Ci"^; ^li ^ c 
respectively on V the first three ones, on U the last one, and J^{r]) = 
CiO^iv) e J7 (y) = w(Oj(y), where J^{ri) and J7 {y) are respectively the 
jacobians of the mappings y = 0^(77) and 77 = Q7 (y). D 

Let now xq G fl, and ^0 — {^o, 0) G fl; we can assume that V = B x R where B 
is an open Euclidean ball around xq and / is an open rectangle in M*^ ; consequently 
we can consider the following three quasi-metric spaces with respective Lebesgue 
measures 

(2.3) {B,dx,dx), {V,d^,dO, {V,p,d^). 

Then from Theorem ^ we have the following proposition. 

Proposition 1. According to above notation, for any ^0 = (^^Oi 0) G Q, there exists 
an Euclidean neighborhood V of the type B x I, where B is an Euclidean open 
ball around xq and I is an open rectangle in R'° around 0, such that (V, p, d£,) is 
a bounded doubling space. In particular, Lebesgue measure dS, = m]\r is a doubling 
measure and, for any open ball Bp C V related to the metric p we have mi^{Bp) w 
r^. D 

Finally, as in Lemma 7 of |SC) we have the following proposition (see |NaStWa"2] 
for the proof). 

Proposition 2. According to above notation, there exists c > such that 
-P{V,0 <dx{r],0 <cp{r],0 per ogni rj , (, e V. D 
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So from the metric viewpoint, the metric spaces {V,dj^,d^) and {V,p,d^) are 
equivalent. Let us now compare the spaces BMOx{B) (resp. VMOx{B)) de- 
fined in B with respect to the metric induced from the vector fields Xi, . . . ,Xq, 
endowed with the corresponding Lebesgue measure, with the spaces BMO^iV) 
(rcsp. VAdO^{V)) of functions defined on B with respect to the metric induced by 

the vector fields Xi,...,Xq, and endowed with the correpsonding Lebesgue mea- 
sure. The arguments are taken from pagg. 793-794 of |Brm-Brn2] . then we just 
recall the following propositions. 

Proposition 3. According to above notation, for any x e fJ and r > such that 
Bdxix,r) C B and B(j-(^,r) C V, if n : il ^ fl and TTfc : fi — > M*-' are the 
canonical projections, denoting by to„, mk, rn^ respective Lebesgue measures, and 
setting Ck = 'mk{Tik{Bd~{S,,r))) , it results 

. Tr{Bd-^{tr)) ^ BdAx.r); 

• d^ (e, i')>dx{x,x') Vx, x' e n; 

• there exists C > such that, for r small enough, ■^7Tj-mN{B(i~{^,r)) < 
mn{BdAx,r))<§-^mN{Bd~{^,r)). U 

Proposition 4. According to above notation, if f : Q ^ R is a measurable func- 
tion, then f G BMOx{B) (resp. f G VMOx{B)) with respect to metric dx and 
Lebesgue measure to„ if and only if f o n € BMO^{V) (resp. / o tt G VMO^{V)) 
with respect to metric p Lebesgue measure tun- D 

2.4. Differential operators, fundamental solutions and parametrices. In 

this section our space of homogeneous type will be {V,d^,d£,) = {V,p,d£_), ac- 
cording to notations of Section (|2.3p . We recall results of Sections 2.1. e 3.2. in 
jBrm-Brn2| . Let L a given differential operator consisting of a family Xq , Xi , . . . , Xg 
of Hormander vector fields defined on a given open set il C K". For instance let 
either L = J27^i ^i+^o, or L = a^^ XiXj, where the coefficients belong to C^{Vl). 
Arguing as in jRS| we will recover properties of the operator L from the properties 
of a new operator L, consisting of the Xq, Xi, . . . , Xq] this last operator, in its turn, 
has much more properties useful for our purpose becouse it can be written as a sum 
of two more operators: the first one consists of left invariant vector fields defined 
on a suitable nilpotent group G, the second one, defined in G, is a smooth operator 
of local degree equal to zero so that results of FoUand (see Teorema 2.1, Section 2 
in |Folj ) can be applied, for the existence of a fundamental solution. Finally, quot- 
ing Christ (see |Chr2j . Example 8, Pag. 96) we need some more analysis to obtain 
our estimates; more precisely we need to construct, through a suitable coordinate 
map (see Theorem ([3])), two parametrices (see §15. in [RSj) that behave, in our 
case, as left and right partial inverse of the operator L, up to a finite number of 
operators (depending only on L) which, in their turn, are the analogous of classi- 
cal integral with either singular kernel, or fractional or Riesz potential. So, given 
the estimates with new vector fields Xq,Xi, . . . ,Xq, we can recover the original 
estimate (see Remark ([T])). In our case, the operator is L = Xj{a'^^ Xi) where, as 
before, Xi ,... , Xq is a family of Hormander vector fields defined on a given open 
set CI C M", whose coefficients belong locally to the class VMOx with respect to 
C-C metric induced from the vector fields Xi, . . . , Xq-, we consider weak solutions 
for the equation. Then, through vector fields Xi, . . . ,Xq, we pass from the equa- 
tion associated to the operator Xj {a^^ Xi) to the one associated to the divergence 

form operator Xj [a^^Xi) consisting of the vector fields Xi, . . . , Xq (note that, in 
this case, thanks to Proposition ^, coefficients a'^ belong locally to VMO^ with 
respect to C- C metric induced by vector fields Xi, . . . , Xq ; if we are able to obtain 
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local estimate for the solution of the new equation, we can obtain the requested 
estimates. So we need estimates for the solutions of the equation associated to the 

operator L ~ Xj {a'-^ Xi) with coefficients locally in VMO^ with respect to C-C 

metric associated to vector fields Xi, . . . ,Xq. Now, thanks to results of Section 

(|2.6p . it is possible to approximate locallly coefficients a'-' with smooth functions; 
then the divergence form operator agrees, up to some low order terms which belong 
to the span of the vector fields Xi, . . . ,Xq, with the non divergence form hypoellip- 
tic one (see Teorema 1.11 in |Brm-BrnT| ). For the main part of this operator we can 
consider the parametrix adapted by the authors in |Brm-Brn2j from the original 
one of Rothschild-Stein in jRSj . pag. 296. Then, by assuming that coefficients a'-' 
are smooth, we can obtain a first estimate for a test solution u : this is the argument 
of Step 2 of pag. E] 

Let us now recall the results in the form useful for this purpose. 

Theorem 5. Let Xi, . . . , Xg be Hormander vector fields, let Xi, . . . , Xq he the free 
vector fields associated and let Yi, . . . ,Yq £ Qq.r the approximating left invariant 
vector fields, according to Theorem ([3]). Then, for any fixed ^o € Gq^r, the operator 
a^'^{^o)YjYi is hypoelliptic jointly with its transposed. Under this conditions there 
exists Fq = F^Q G C°°(Gq,r \ {0}), homogeneous in G-^.^ of degree 2 — Q and such 
that for any test funciotn (j) in Grq_r o,nd any ^ e G^.^ it results 

m = I ro{v-'0{^'{^o)Y,Y,^){v)dv. 



Moreover, for any i,j = \,...^q there exists constants Q:ij{^o) such that for any 
^ G Gq^r we have 

y,r,0(O = P.V. / Y,Yj:o{rr'0(^'{Co)Y,Y,^)iv)dr^ + a,,{^o){^'i^o)Y,Y,<p)iO, 



YjYiTo G C°°(Gq^r \ {0}), where YjYiTo is homogeneous in Gq^r of degree —Q. 
Moreover supjgjjjv \otji\ < oo. D 

According to notations in previous sections let us recall definitions and main 
properties of "operators of type 0, 1, 2". 

Definition 1 (Kernel and operators of type 0, 1, 2). Let ^q £ V be fixed. We say 
thatKo^o{£,,T]) = K^„fi{^,r]) (resp. i^o,i(C,'7) = -f?o4(?>^): -fo,2(^,?7) = K^g^2{tv)) 
is a frozen kernel at ^o of Type (resp. 1, 2) if, according to notations of Theorem 
([5]), for any m £ N, it can be written as a finite sum of the kind 

aoiO{DoTo)ie{^,v))bo{v) 

a^{0{Diro)ieiv,0)biiv)]+---+[asiOiDsT,)iei7j,0)b.M 

with s = s{m) E N, a^, bi test functions in V for any i = 0, 1, . . . , s, Di, • • • , Ds 
differential operators homogeneous of degree less or equal than 2 (resp. 1,0), and 
Dq is differential operator such that DqTq G C™{V). 

Letnow(l)eC^{V). 

We say that Tg^o = T^^ofi ^^ o, frozen operator at ^o of Type if there exists a 
bounded measurable function ap = «Co such that, for any ^ G V, 

(To,o</')(0 = P-V. / Ko.o(C,^)</'(^)dr? + ao(0<^(C); 

JV 
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We say then that Tq^i = T'^0,1 (resp. To^2 = '^^0,2) ^s a frozen operator at ^o of 
Type 1 (resp. 2) if 



(ro,i0)(e)=y KoAC,v)(b{ri)dT^ ( resp. (To,20)(O = y KoAtvmv)dv 

If, for any k = 0,1,2, Ko,k{S.,il) = ^Co-felC,??) is a frozen kernel at ^q of type k, 
then we say that Kk{^,r]) = K^,k{^,v) '•' ^ Kernel of Type k. 

Finally we say that Tq = T^.o is an Operator of Type if there exists a bounded 
measurable function ao(^) = ct^^,{^) such that, setting a(^) = a^{S,), it results 



(To0)(O=P.V. / Ko{^,i^)^iv)d^ + aiOm: 
Jv 

analogously we say that Ti = T^ i (resp. T2 = T^ 2) is an Operator of Type 1 (risp. 

(ri0)(O = J ifi(e, V)<l>iv)dv (resp. (T20)(e) = J K2{^, v)^{il)d,^ ■ 

According with above notations, the following facts hold. 

Lemma 1. //, for any k ~ 1,2, KQ_k{^,Tl) is o, frozen kernel at ^q of type fc, then 
{XiKQ,k{-, v))iO i'^ '^ frozen kernel at S,o of type fc — 1. 

//, for any k ~ 1,2, Tq ^ is a frozen kernel at ^0 of type k, then XiT^^k is a frozen 
operator at ^q of type fc — 1. D 

Example 1. We recall that, for instance, fixed ^0 E V, ii i,j = 1, . . . , q, then 

- a(oro(e(77, 0)6(77), 

are frozen kernel at ^0 of type 2; while, 

- a(0(r,ro)(e(r7,0)6W, 

- a(0(F,i?Jro)(e(r?,e))6(77), 

are frozen kernel at ^0 of type 1 . 

Let us conclude the present section with the following theorems whose proofs is 
either taken or adapted from the ones in jBrm-Brn2| ). 

Theorem 6. Let To.fe be a frozen operator at S^o ^V of type fc = 0, 1, 2. Then, for 
any vector field Xi there exist 5 + 1 operators Tq j, , Tj j, , . . . , Tq j, frozen at ^0 , of the 
same type fc ofT^^k such that 



XiTo^k - 22 ^^o.k^h + T^ 





k 



h=l 



Theorem 7. Let Tq an operator of type and I < p < 00. Then there exists a 
constant c = c(Tq,p) such that for any u e LP(V) and for any a G BMO^iV) it 
results 

(1) \\Tqu\\lp(v) < c\Mlp{v); 

(2) \\[To,a]{u)\\LP(v) < c\\a\\BMO^{V)\MLp{v); 

(3) if moreover a G VMO^{V) and e > 0, then there exists r > depending 

on p,To,e and a such that, for any ball B associated to the metric induced 
from the vector fields Xi, . . . , Xq, if supp u d B then 

\\[To,a]{u)\\Lp{V) < 4u\\lp{v), 
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where BMO^{V) and VMO^{V) denote function spaces as in Section (|2.6p . with 
respect to C-C metric induced from vector fields Xi, . . . , Xq, and [TQ,a] denotes 
the commutator which maps u G U'{V) into T{au) — aT{u). D 

Theorem 8. Let Tk be an operator of type k ~ 1,2 and 1 < p < ^. Then there 
exixts a constant c = c{Tk,p) such that, if - = ~ + H' then, for any u G LP{V) it 
results 

\\Tku\\Lp(v) < c\\u\\li{v)- □ 

Notation 2. Set ^ = i + ^ and, for p < Q, 4 = - - A (sec Step 4 pag. (O). 
It is easy verified that p* < p < p* , (p*)* = (p*)* = p and, moreover, the mapping 
that associate to p any one of the corresponding "star p" is order preserving in the 
real numbers; for instance, from p^, < p < p* it fohows that p < p* < p** then 
p* < p** < p***, and so on 

Corollary 1. Let Tk un operator of type k — 1,2 and 1 < p < ^. Then there exists 
a constant c = c(Ti,T2,p) and V such that for any u G LP{V) it results 

\\Tiu\\lp(V) < c\\u\\lp.{v) 
\\T2u\\lp{V) < c||u||LP.(y). □ 

2.5. Sobolev spaces associated to a family of Lipschitz vector fields. Let 

il C M" an open set and Y : il ^ M" a Lipschitz vector field 

n 

Y{x) = Yl ^»(^)^» = (^i(^)' • ■ • ' ^"(^)) ^^ e ^• 

4=1 

Assuming, for instance, Lipschitz regularity for dil, if f,bi G C^{fl) ,i = 1,. ..,n, 
and<l)€C^in) then 

/ y/0dx = V [/ 9,(6J0)da;- / M(6,0)dJ = / / ( - Va,(fe,(/)) ) dx. 
Jn :_, \_Jn Jn J Jn \ ,_i / 



i=i 



i=l 



If we set y-^ = — X]r=i ^i{^i ') then wc can write 



Yfcjydx^ / fY^(j>dx 
n Jn 

so it suffices to request for any hi to be locally Lipschitz. If y = X]"=i ^i^j is a 
locally Lipschits vector fields on fl and f,g€ Lj^^{il), we say that g is the partial 
derivative along Y, and we write Y f ~ g, ii 

g(j>dx — / fY (j) dx 
In Jn 

for any cj) G C^{fl). Let X ~ {Xi, . . . ,Xq) a family of locally Lipschitz vector 

fields on fi. if / G Lj^^{n) has partial derivatives along Xj Vj = l,...,q, let 

us denote hy Xf — {Xif, . . . ,Xqf) the weak gradient of f. Moreover we set 

\Xf\={\X,f\' + ---+\Xqf\'y. 

Let 1 < p < oo, and let {Xi, . . . ,Xq} be a family of locally Lipschitz vector 
fields on il. 

Definition 2. The Sobolev space W-^^{Q) is the space of all function / : i7 — > M 
such that f G LP{fl) and, for any j — \, . . . ,q, Xjf do exists in the weak sense and 
belong to LP{D,). 

Wj)^^{fl) is a Banach space with the norm 
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for any 1 < p < oo, ot equivalently with the norm ||/||LP(n)+ J2'j=i \\^jf\\Lp(n)- 
Analogous definitions hold for the local Sobolcv spaces W^/o'fx(^)' ^^'^ ^'-'^ ^^^'^ 

subspace of all functions zero on dfl. Let us denote by Wx (^) the closure of 
C^{il) in Wx^{i^). The following proposition recall basic properties of Sobolev 
spaces. 

Proposition 5. Let f, g e W]l^{n). Then 

(i) for anyXeneR, Xf+^lg G W^P{n) e Xj{Xf+ijg) = XXjf+^iXjg Vj = 

l,...,g; 
(ii) If U is an open subset of CI then f G Wx^{U) ; 

(iii) IfC e C^m then C/ e W^m e X,(C/) = (X.f + fX^C Vj = 1, . . . , q . 

Let us conclude this section recalling that for p = 2, Wj^ {^) = Hx(fl) and 

o 1,2 o 1 

Wx (^) = Hxi^) have a natural structure of Hilbert space. In this setting, the 
weak formulation of Dirichlet problem 

'xJ{aY^) = f 

ue Hxi^) 

with / G Hx{fl), a'-' arc bounded and measurable functions, and by assuming 
uniform ellipticity, has an unique solution: the proof follows standard Lax-Milgram 
lemma; analogously, classic L^ regularity theory holds. 

2.6. Space of homogeneous type: the space BMOx and VMOx- For these 
definitions and results we refer the reader to the whole paper [CarFanj . 

3. Regularity Result 

In this section we give a detailed sketch of the proof of Theorem ([T]) of pag. [H 
postponing at the end main calculations. 

Sketch of the proof. According to notation of Theorem ^, let W ~ B x I where 
B ^ B{x, r) is an Euclidean open ball, x € il', I is an open rectangle in R*^ centered 
in zero, and r > is sufficiently small. It suffices to verify that for any (^ ^ W there 
exist two open C- C balls B'~ <e B'~ d W around ^ such that 

(3-1) imiwh^iBL) < c( ||w||lp(b'l) + \\F\\Lp{B'^,m 

{Step 1) Let p > 2 fixed. The function u G Wx^{fl) is a weak solution in J7 of the 
equation (II. ip : then u G W~'^{W) is a weak solution in W of the equation 

(3.2) Xj^{a^iX,u) = X-^¥j + /, 

where Xi , . . . , Xq are the free vector fields as in Theorem ^ , 

(3.3) f^{a'^%u-F^)gj, 
and gj are smooth functions in W^ defined through the positions 

— [djXjn+l + • ■ • + djXjNJ ~ — diVEuclidoan(Aj„+l, . . . , Xjx), j = !,...,?. 

{Step 2) First we suppose that u G C'^{W) is a weak solution of the equation 
(3.5) X-^{^3X,u) = x/Wi + g, 



(3.4) 
9j-' 
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where g G C^iW) is fixed, F G C^{W,m), a^' G C°°(M^) n VMO^{W); 
we prove that if supp u C i?jf , with Bj^ open C- C ball with radius ct < ct, 

a sufficiently small, than hypothesys a*J G VMOj^{W) yields 
(3.6) \\Xu\\lp^b^) < c(^\\u\\Lp^B-g) + \\F\\LPiB^g,m) + \\Xu\\lp*(b^) + |ig||ip.(B-)j, 



where p^ is as in Notation ^ , Section 

This step requires more care then the following ones; indeed we have 
to prove the existence of a parametrix, more precisely of an operator that, 
up to a finite sum of operators of type 0, 1 and 2, behaves like a right 
inverse and, actually, also as a left inverse because of the simmetry of 
the matrix with entries a'-' . The costruction of this parametrix, as shown 
in Section (|2.4p . makes use of results in Section "Part III. Operators 
CORRESPONDING TO FREE VECTOR FIELDS" in |RSj . and Section "2. Dif- 
ferential OPERATORS AND FUNDAMENTAL SOLUTIONS" in }Brm-Brn2] : 
in particular the estimate is obtained through results of Section (|2.4p . 

(Step 3) Now we suppose that u G C°°{W), F G C°°{W,R'>), S?' G C°°(W^), g G 
C°°{W) is fixed and u is a solution of ([33]). Fix ^ G VF, < 7 < 1 and 
< (T < CT. Arguing as in Lemma 3.3 in |Brm-Brn2] we choose 9 G C^{W) 
such that B'~ -< 6* -< B'~ , where B'~ <e B'~ g W are concentric balls around 

jC X X X 

£^, with respective radii ja < a, and such that \X6\ < ,^_^ , . Then the 
function 9u G C^{W) ia a weak solution of 

(3.7) Xj^{^3%{eu)) = Xj^{^3{uX,e + 0Fi)) + Ue -^3{Xiu){}Cj9)\ 
and, by applying previous Step 2, the following estimate holds 

(3.8) WXuWlpj^b'-^) < c(\\u\\lv{b'^) + \\F\\Lp(B'L,wi',) + \\Xu\\lp*(b'1-) + \\9\\lp*(b'^) 

{Step 4) Fixed 2 < p < 2*, let us suppose that u G W~^{W) is a solution of 
((3?2|) . Let a'^h G C°°{W)nVMO^{W) q^ function's sequences converging 
respectively to a^, let Fh G C°°{W) (1 LP{W,W) a function's sequence 
converging in LP(VF,M«) to F, and let /;, G C°°{W) Ci LP{W) a function's 
sequence converging in LP{W) to /. Let us consider the sequence of Dirichlct 
problems 

(3.9) (Dh) Sol 

[uh-ueHx{W) 

For any h — 1,2, . . . , \ct Uh G H\^(W) the unique weak solution of (Dh). 
Then, for any h = 1,2,..., the function Vh ~ u^ — u is solution of the 
problem 



(3.10) 
(D'h) 



X''j^ (a^^ h{X,Vh)) = X.'^iF^h -F) + {fh - /) - Xj^{{a^Jh - a^^)X,u) 

o 1 

Vh G H^{W) 



So, for any ft, = 1, 2, ... , we have 
(3.11) ^ ^ ^ 

\\vh\\Hl,{W) < c\\\Fh - F\\l2(^wm") + Wfh - .f ||l2(m.') + Wia'^h - a^3)X,u\\L2(^w}J , 

from which it follows that Uh ^ u in H^{W). Let us observe now that 
Uh G C°°{W). Indeed the operators Xj{a^^ hXi) have smooth coefficients in 
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W, then can be equivalently be written as a sum of an operator in non di- 
vergence form and one term of less degree, that is of the kind —a^^ tXjXi + 
h\^Xi, with V e C°°{W). From the properties of convolution, and arguing 
as in Teorema 1.11 di |Brm-BrnT| . we obtain that any Xj{a^^ tXi) is hypoel- 
hptic. It foUows that Uh £ W~^{W) for any 1 <p<co. So we can apply 
to each function Uh local De Giorgi-Stampacchia-Moser estimates; more 
precisely, when p > 2, because Uh 6 H^~{W) is solution of the equation in 
(I?/i), it follows that, up to a shrinking of W, there exists < a < ct, such 
that, for any ^ 6 VF, we can find two C-C open balls, say B^ e B^, of 
suitable radii < p' < p" < a, not depending on the given point, and a con- 
stant c = c(p,/9', p", z^, Q) such that ||m/i||^o^(-b:^) < c(||u/i||^2(-b':) + 1) : last 

formula implies that Uh are uniformly bounded in U'[B^). Applying now 
Step 3, for any point ^ & W we find two C-C open balls, say B'~ ^ B'^, 
with radii < 7(7 < a < a such that 
(3.^2) 

\\Xuh\\LP{BL) < c[\\uh\\LP{B'^) + \\Fh\\LP{B'^M'i) + \\Xuh\\LP* {B'^) + ||//i IIl". (B^ 



and, moreover, Uh are uniformly bounded in the biggest ball. This fact, 
considering that p* < 2 and that {u/i} is bounded in H^{W) implies 
||u^||(yi,P(.^^-, < constant for any h = 1,2,... . So there exists a subse- 






quence, that we keep calling {uh}, which weakly converges in W~^(B'~) to a 



given u G M^~'''(i?'~). But from w/i ^-^ u it follows that w/i "-^ u, 
SO u = u in B'~. By the uniform boundedncss principle finally it follows 
that, for any 2 < p < 2*, 



\\Xu\\lp{B'-^) < c(|]m||lp(B1) + \\F\\lp{B'L,Ri} + \\Xu\\lp.(^b(L) + ll/lliP-CS'-i-) 

< C\\\u\\lp{B'L) + \\F\\lp{B'1^,Ri) + \\Xu\\lp.,{B'L)J 

< c{\\u\\lp(B'^) + \\F\\LP{B'-L,m) + II^"IIl2(S^)J- 

(3.13) 



[Step 5) Here we employ the recursive tecnique as in |DF| . More precisely, by ap- 
plying repetitively Step 3 and Step 4-, we will show the existence of L^ 
estimate when the number Q "grows up" with p. More precisely we have 
]2, oo[=]2, 2*]U]2*, 2**] U . . . where, for 2 < g < Q, q* is defined as in No- 
tation ©. In particolar, for q = 2, q** is defined only when Q > 4, and so 
on. Let us suppose that u G W~^{W) is a solution of p.2|) . Then Step 4 
implies that if 2 < p < 2* and < cr < a" is sufficiently small, for any ^ € W, 
and relatively to balls B'-^ d B'~ around ^ (^ W with radii < 70" < (t, 
p.l3p holds. Fixed now 2* < p < 2** and repeat again arguments in Step 3 
and Step 4- Choose a function 9 e C^(B'~), where B'~ is, for any fixed f, 
the open C- C ball around ^ with radius ja; more precisely we choose this 
ball such that _B^. -< 6* -< B'~ , where Bj^ d B'^ arc two open C~ C concen- 
tric balls around ^, with radii < 7^0- < 70-, and such that \Xd\ < jj^rh—^- 
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Then 

\^^\\lp(B^) < c{\mLP{BL) + \\F\\LPiBL.,m) + ||^m||lp. (S^) 

< c[\\u\\lp{bl) + \\F\\LPiBL...m) + ll^"IL2*(si_) 

< C[\\u\\lp{B'L) + \\F\\LP{B'i,m) + ll"llL2*(B'i) + \\F\\l-^'{B'L.S.i) + \\Xu\\l^{B'L)) 

\ X X X X X / 



(3.14) 



< c(I|m||lp(B'L) + WFWLPiB'LM") + ll-Y^llL2(B'i) )■ 



So, ifp>2 1et /i G N be such that 2* *■■■*< p < 2* *•■•*. If 7 = (i)s, 
by reitering the argument we obtain 

(3.15) \\Xu\\lp(^b'^.) < cy\\mLP{B'^L) + \\F\\lp(^b'1.,R'i) + II^M||L2(i3^)j 

where B'~ <e B'~ are two open C-C balls of radii < f < cr, for any 
< a < a. 
{Step 6) So far we have obtained that if 2 < p < 00 and u G W ~^{W) is a solution 
of (|3.2p . then the estimate (|3.15l) holds. Observe now that in particular 
u G W~ [W) is a solution of p.2p : then classical L^ theory yields the 
existence of < p < cr such that for any 2a < p, if B'~ is the open ball of 
radius 2ct concentric with B'~, it results 



||-'^u||i2(B^) < c[\\u\\l2(^b'P + \\F\\L^B'^M^>) 
< c(\\u\\LPiB'S-') + \\F\\lp{B'M,Ri) 



because 2 < p. This last estimate, jointly with (|3.15p implies p.ip . 
(Step 7) Noting now that cr is as small as we need, in p.ip . taking into account the 
local equivalence of dj^ and the Euclidean metric we can assume that p.ip 
holds with two Euclidean balls; then the estimate clearly holds between due 
open sets of the kind B x I , B' x I , with B ^ B' C ^ open Euclidean balls 
small enough and / open rectangle in R''', previously fixed small enogh. 
Then through Proposition 1.4 of jFSSC] (applied with the weight function 
w; = 1) and Remark ([T]), we obtain the existence of an absolute costant such 
that, for any u G Wj^^{W) solution of (|l.ll) . the following estimate holds 

(3-16) \Mw^^p(^B) ^ c(^\\u\\lpib') + \\F\\Lp{B',m)), 

and so the thesis. 



Finally let us sketch some of the proofs. 

(Step 1 - Some Remarks) If u G S]f{Vt), then u G W'-^iW). Indeed, by Proposition 1.4 in [FSSCj . we 
can assume that u G C°°(VF). Then V{B)®V{I) is dense into V{W) and, 
in particular, we can consider test functions of the kind $(^) = (j){x)ip{t) 
for any ^ = {x,t) G B x I, with arbitrary </> e V' in T^{B) and 2?(/). So, in 
(|1.2p . it suffices to multiply by ip{t) and integrate over /, in order to apply 
Remark ([1]). In particular Xj{u on)— XjU o tt holds for any u G S-^''{ft). 
Analogous arguments hold for 
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(Step 2 - Proof) We refer to notations and results in Section (|2.4I) . Fix ^o & W and let us 
consider the operator Lq = Lc^ = Xj {a^i{^o)Xi). We have to construct 
two partial inverse Dq and 5*0 of Lq of type 2, frozen at ^o- We have L = 
Lq + (L — Lq); then we can apply to both member of the equation a suitable 
operator of type 1 and, finally, after some calculations, we can free ^o having 
so a representation oi XiU, so to apply Theorems ^ and (HJ to obtain (|3.6|) . 
Precisely, let us fix a G C^{W) and ^o 6 W. We are going to prove that 
there exist two frozen operators at ^07 ^0,2 and So, 2 of type 2, and a finite 
number of operators frozen at ^0 (depending only on Xj {a^^ Xi)) D]^\^ 
e D^f^2 , h € I, k € J with |/|, \J\ < absolute constant, which arc Riesz 
potential of type 1 and 2, such that, for any test u in W^ it results 



(3.17) 



LqDo,2U 



5:^a'.(Co)i?o!i"-- 



hel i,j=l 



keKi,j=l 



a^^{io)D'Au 



ij, k' 



(3.18) So,2Lou = -au + J2Y. «''(^o)^oa''" + E E «''(^o)^o- 



ij, k- 



heli,j=l 



kGK i,j=l 



To this aim, let us consider the fundamental solution Fg ensured by Fol- 
land's theorem, of the invariant operator a^'{^o)YjYi associated to the non 
divergence form operator a^^{^o)XjXi (see Theorem (O). Let us consider 
now the operator that in [Brm-Brn2] is adapted to the one of |RS| : more 
precisely, fixed a test b in W such that supp a C {6 = 1}, according to 
notations of Theorem ^, we set, for any u test in W, and for any ^ G W, 



(3.19) 



(3.20) 



Da,2u{0 



«(0 



r{Q{v,0)b{v)n{v)dv- 



Applying Theorem ([3]) , for any i = 1 , . . . , g we have 

«(0' 
«(0 



X.DoMO = X^ ( ^j J^ne{r,,0)bivMv)dv 



^(0 



w 



Y,Toie{v, 0) + W„{eirj, 0) bi7^)u{v)d7j 



Now, according to Theorem ^, if Cj = (a^ 1, . . . , aj„, Aj„+i, . . . ,Xj n) de- 
note entries of the vector field Xj, it is Xj = —Xj + nij where rnj{S,) = 
(diVeuciideaCj)(^), for any ^ &W. So, arguing as in |Brm-Brii2] . we have 



LoDo,2u{0 - ~Xj 



a^'^(eo)X 
f a^'(eo 



«(0 



-TOj(^) 



a(C) 



^(0/ JW 
aJO f 
^{0 Jw 

«(e) 



romv,0)KvMv)dv 
y,Fo(e(r;,0) + 4ro(e(77,0)| b{i^)u{i^)dj^ 
ro{Q{v,0)b{v)u{v)dv 



a^H^o 



^iO 



w 



YJ^oieiv, 0) + Rt^oieiv, 0) bir,)uir,)drj 
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a^'^(eo) 



X,X, ( ^) J^Toie{vA))b{v)u{v)dv 



X 
X 



«(0 



^(0/ Jw 
a(0 



yjro(e(r,, O) + i?f ro(e(r;, O) Kr,)u(v)dv 



w 



y,ro(e(ry, O) + 4ro(e(r;, O) bir,)uir,)dr, 



-PV. 

^{0 JW 



y,r,ro(e(7?,0) + r,i?|ro(e(7y,e)) 



i?fK,ro(e(7y,C)) +i?«i?«ro(e(r;,0) 6(^)u(7y)d77 



-TOj(0 






«(0 









(3.21) 



-«^+E E a^^(eo)i^^\'s+ E E '^^^(^o)^;^ 



17, /e- 



heli,j=l 



keK i,j=l 



Finally, by transposition of the matrix (a'-J) 



ij=l,...,q 



we obtain the desired 



formula. In particular, fixed any test u, for any test function a such that 
supp u C {a = —1}, we can write X^u. More precisely, by applying Xm to 
both member of p.lSp . by Theorem ^, for any m = 1, . . . , 5 it is 



X„tSo,2Lou = XmU + E E "'■'(^0) 
(3.22) +Y^J2^'i^o) 



Erpij, hi Y . rpij, h 

1=1 
' Q 

Erjiij, kl Y . rjiij, k 
-'0,2 -^'+-'0,2 



.1=1 



(3.23) 



(3.24) 



It follows that, thanks to Lemma IT}, To.i = XmSo.2, is an operator of 
type 1 frozen at ^o- So, let w be a solution of p.Sp . By applying Tq^i to 

Lqu = Lu + (Lq — L)u 

= Xj^Wi +g + Xj^{{Jo{^^) _ d^i)X,u) 

it is 



To.iLou = n,iXj Fi + To,i.g + To,i [x, {{a^^ (^0) " a'^l^.w) 

Then, putting (j3.24p into (j3.22|) and getting X^u, we have 

XjnU = Tq^iXj Fi + To, 15 

+ To,i[x/^iiJH^o)-'^^)X,u) 



(3.25) 



-EE«'^'(^o) 

/le/ i,j=i 

-EE^(^o) 



^j.,.M^^^j.,, 



ij, ' 



1=1 



Y,r,%^'xi + r, 



ij,k 
2 



.1=1 
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Finally, through the definition of transposed operator and Lemma (H)) , it 
follows that for q suitable operators Tqq frozen at ^o of type 0, (|3.25p 
becomes 



+ E^o,o((^(Co)-^)5iS) 

Erpij, hi Y . rpij, I 
-'0,1 ^i + -'-o,i 



9 



1=1 



Y.n%'''x, + T^: 



dj, k 
0,2 

.1=1 



/ig/ i,j=l 

(3.26) _^^^(e„) 

k^K i,j=l 

From this representation and the arbitrariness of ^o G W^ p.6p follows 
immediately by applyng Theorem ([7]) and Corollary (fT|). 

This concludes the sketch of the proof of Theorem ([T]). D 
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